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REGULAR PARTIALLY INVARIANT SOLUTIONS OF DEFECT 1

OF THE EQUATIONS OF IDEAL MAGNETOHYDRODYNAMICS

UDC 533S. V. Golovin

All irreducible regular partially invariant submodels with one noninvariant function for the equations
of ideal magnetohydrodynamics are constructed. The submodels are completed to involution, and
partially integrated. The submodels specify Ovsyannikov vortex type motion or motion with homoge-
neous deformation in some spatial directions.
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Introduction. The notion of a partially invariant solution as a natural generalization of invariant solutions
of differential equations was first proposed by Ovsyannikov [1, 2]. The usefulness of this generalization is indicated
by numerous examples of partially invariant solutions constructed for the equations of gas dynamics (see [3–6]
and [7] and the references therein), hydrodynamics [8–10], the dynamics of a viscous heat-conducting gas [11],
magnetohydrodynamics [12, 13], plasticity equations [15, 16], and the equations of other models of mechanics and
physics [17–19]. In contrast to invariant submodels, partially invariant submodels are given by overdetermined
systems of equations, which complicates their analysis but allows one to obtain classes of solutions with greater
arbitrariness compared to invariant solutions.

The general theory of partially invariant solutions of differential equations is set forth in [20]. The notion
of the regularity of a partially invariant solution used in practice is introduced in [21]. An important property
of partially invariant solutions is reducibility: in some cases, partially invariant solutions coincide with invariant
solutions of the same rank. Finding the reduction of a solution is important since this eliminates need to perform
the extra work of completing the equations of the submodel to involution. The known sufficient tests of reduction
of some special classes of partially invariant solutions are given in [20, 22].

The notion of the hierarchy of partially invariant solutions was introduced in [23] to simplify and systematize
the study of the set of partially invariant submodels of a given system of differential equations. The existence of
the hierarchical structure reduces the construction of the set of all partially invariant submodels to the analysis
of only irreducible submodels, from which all the remaining submodels are obtained by invariant reduction, which
considerably simplifies the calculations.

The present paper analyses the regular partially invariant solutions of the equations of ideal magnetohydro-
dynamics. The analysis is performed only for nonbarochronic submodels in which the pressure is a function of spatial
coordinates. The set of barochronic submodels is supposed to be studied separately by analogy with the barochronic
submodels in gas dynamics [24]. Eight types of irreducible submodels are identified. The equations of all submodels
with one noninvariant function are completed to involution; the obtained equations of the submodel are simpler
than the equations of the initial model. The first integrals of the submodels are obtained. It is established that the
regular partially invariant submodels for the equations of ideal magnetohydrodynamics are the Ovsyannikov vortex
and its generalizations or they correspond to motion with homogeneous deformation over some spatial variables. It
should be noted that in the general case, the solutions of the equations magnetohydrodynamics with homogeneous
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deformation over all spatial variables were studied in [25]. In the present work, only a mathematical analysis of the
submodels is performed, and the physical content of the solutions is the subject of a separate investigation.

1. Classification of Partially Invariant Solutions. We consider the equations of ideal magnetohydro-
dynamics [26]

Dρ+ ρ div u = 0, Du + ρ−1∇(p+ B2/2) − ρ−1(B · ∇)B = 0,

Dp+ A(p, ρ) div u = 0, DB + B div u − (B · ∇)u = 0, (1.1)

div B = 0, D = ∂t + u · ∇.
Here u = (u, v, w) is the velocity vector, B = (H,K,L) is the magnetic field vector, and p and ρ are the pressure
and density. The equation of state p = F (S, ρ) with entropy S holds. The function A(p, ρ) is given by the equation
of state A = ρ (∂F/∂ρ). All functions depend on time t and Cartesian coordinates x = (x, y, z).

Equations (1.1) admit the 11-dimensional group of transformations G11, which is an extension (by means of
homothety) of the Galilean group [18, 27]. The corresponding Lie algebra L11 is generated by the following basic
operators:

X1 = ∂x, X2 = ∂y, X3 = ∂z ,

X4 = t ∂x + ∂u, X5 = t ∂y + ∂v, X6 = t ∂z + ∂w,

X7 = y ∂z − z ∂y + v ∂w − w ∂v +K ∂L − L∂K ,

X8 = z ∂x − x∂z + w ∂u − u ∂w + L∂H −H ∂L,

X9 = x∂y − y ∂x + u ∂v − v ∂u +H ∂K −K ∂H ,

X10 = ∂t, X11 = t ∂t + x∂x + y ∂y + z ∂z.

By virtue of the structure of the operators of the algebra L11, partially invariant solutions of the equations of
magnetohydrodynamics are generated by the same representatives of the optimal system as in the equations of gas
dynamics in the absence of a magnetic field. Therefore, these solutions can be constructed using available results
[3–6]. Below, we consider only nonbarochronic partially invariant solutions, i.e., solutions in which the pressure p
depends on spatial coordinates.

A classification of the irreducible nonbarochronic regular partially invariant solutions of Eqs. (1.1) con-
structed from subalgebras of the algebra L11 is given in [23]. It is shown that the class of irreducible regular
nonbarochronic partially invariant submodels for the equations of ideal magnetohydrodynamics (1.1) include the
following submodels:
1) submodel {X1, X4} of rank 3 of defect 1;
2) submodels

{X2, X3, X7}, {X5, X6, X7}, {X7, X8, X9},

{X3 +X5, X2 −X6, X7}, {X3, X5, X2 +X6}
(1.2)

of rank 2 of defect 1;
3) submodel {X2, X3, X5, X6} of rank 2 of defect 2;
4) submodel {X2, X3, X5, X6, X7} of rank 2 of defect 3.

All partially invariant submodels of Eqs. (1.1) of defect 1 are constructed below. The equations of each
submodel completed to involution and analyzed for irreducibility. In the final form, each submodel is represented
by a system of equations with a smaller number of unknowns compared to the initial system. In all cases, the
equations for the noninvariant function are completely integrated.

2. Submodel of Rank 3. We consider the partially invariant solution generated by the two-dimensional
subalgebra {X1, X4}. The invariants of the subalgebra are all independent variables and unknown functions, except
for the first Cartesian coordinate x and the first components of the velocity vector u. To obtain a representation of
the solution, we assume that all unknown quantities, except for the function u, depend only on time t and Cartesian
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coordinates y and z. The corresponding invariant components of the velocity vector will be denoted by V and W .
The noninvariant function u will be considered to depend on all initial independent variables: u = u(t, x, y, z).

From the first equation of system (1.1) (the continuity equations) it follows that u depends on x linearly,
i.e., it defines motion with homogeneous deformation in the Ox direction (the strain rate tensor does not depend
on the coordinate x). For the function u, we choose the following representation:

u = xU(t, y, z) +M(t, y, z).

Substituting the solution representation into system (1.1) and setting the coefficients of the zero and first
powers of the variable x equal to zero, we obtain the following equations of the submodel:

D̃ρ+ ρ(U + Vy +Wz) = 0; (2.1a)

D̃U + U2 = 0; (2.1b)

D̃M + UM − ρ−1(KHy + LHz) = 0; (2.1c)

D̃V + ρ−1py + ρ−1(HHy + LLy − LKz) = 0; (2.1d)

D̃W + ρ−1pz + ρ−1(HHz +KKz −KLy) = 0; (2.1e)

D̃p+A(p, ρ)(U + Vy +Wz) = 0; (2.1f)

D̃H +H(Vy +Wz) −KMy − LMz = 0; (2.1g)

D̃K +K(U +Wz) − LVz = 0; (2.1h)

D̃L+ L(U + Vy) −KWy = 0; (2.1i)

KUy + LUz = 0; (2.1j)

Ky + Lz = 0. (2.1k)

Here D̃ = ∂t + V ∂y + W ∂z. System (2.1) is overdetermined since it contains 11 equations for nine unknown
functions. The condition of compatibility of Eqs. (2.1b) and (2.1j) for the function U is the relation

Uz(D̃L−KWy − LWz) + Uy(D̃K −KVy − LVz) = 0.

In view of (2.1h) and (2.1i), this equation reduces to the following:

(KUy + LUz)(U + Vy +Wz) = 0.

By virtue of (2.1j) the last equation is satisfied identically. Verification of the compatibility of Eq. (2.1k) with the
remaining equations of the system shows that the following identity holds:

∂

∂t
(2.1k) =

∂

∂y
((2.1h) − V (2.1k)) +

∂

∂z
((2.1i) −W (2.1k)) − (2.1j) − U(2.1k).

Here (2.1x) are the left sides of the corresponding equations. Thus, if equality (2.1k) is satisfied for the initial data
at t = 0, it is also satisfied for the subsequent times. This implies that system (2.1) is an overdetermined system in
involution. We show that the overdeterminedness of the system of equations can be simplified by partial integration.

By virtue of (2.1k), for some smooth function ψ, we have

K = −ψz, L = ψy. (2.2)

Substitution of (2.2) into (2.1j) yields the equation −Uyψz + Uzψy = 0, which implies the functional dependence
U = U(ψ). From Eq. (2.1b), we obtain

( 1
U(ψ)

)′
D̃ψ = 1. (2.3)

Here and below, the prime denotes differentiation with respect to ψ. Differentiation of Eq. (2.3) with respect to y
and z gives
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Vyψy +Wyψz + D̃ψy =
( 1

(1/U(ψ))′
)′
ψy, Vzψy +Wzψz + D̃ψz =

( 1
(1/U(ψ))′

)′
ψz.

A comparison of the last equations with Eqs. (2.1h) and (2.1i) in the nontrivial case ψ2
y +ψ2

z �= 0 leads the following
equation for the function U(ψ):

( 1
(1/U(ψ))′

)′
+ U = 0.

Integration of this equation yields U = C1 eC2ψ with arbitrary constants C1 and C2. Equation (2.1b) becomes an
equation for the function ψ: D̃(e−C2ψ) = C1. Thus, Eqs. (2.1b) and (2.1h)–(2.1k) were integrated. The remaining
equations of system (2.1) are a compatible system of equations for all unknown functions.

3. Submodels of Rank 2. There are five submodels (1.2) of rank 2. The submodels {X7, X8, X9} and
{X2, X3, X7} called the Ovsyannikov spherical and plane vortices, are studied in [12] and [13], respectively. The
remaining three submodels are considered below.

3.1. Submodel {X5, X6, X7}. This submodel is similar to the Ovsyannikov plane vortex [13]. The represen-
tation of the solution is written as

u = U(t, x), v = y/t+ V (t, x) cosω(t, x, y, z), w = z/t+ V (t, x) sinω(t, x, y, z),

H = H(t, x), K = N cos (ω(t, x, y, z) + σ(t, x)), L = N sin (ω(t, x, y, z) + σ(t, x)), (3.1)

p = p(t, x), ρ = ρ(t, x).

We substitute representation (3.1) into system (1.1). By virtue of the continuity equation, we introduce the auxiliary
invariant function h(t, x) defined by the equation

D̃ρ+ ρ(Ux + 2/t+ hV ) = 0, D̃ = ∂t + U ∂x. (3.2)

From the remaining part of the continuity equation, the noninvariant function ω is expressed as

sinω ωy − cosω ωz + h = 0. (3.3)

From the first components of the vector equations of the momentum and induction and from the equation for
pressure, we obtain relations that contain only invariant functions:

D̃U + ρ−1px + ρ−1NNx = 0,

D̃H +H(2t−1 + hV ) = 0, (3.4)

D̃p+A(p, ρ)(Ux + 2t−1 + hV ) = 0.

The remaining equations of system (1.1) form an overdetermined system for the function ω. Making nondegenerate
linear combinations of the momentum equations in projections onto the Oy and Oz axes, we obtain

ρV ωt + (ρUV −HN cosσ)ωx + (ρV (yt−1 + V cosω) −N2 cosσ cos (ω + σ))ωy

+ (ρV (zt−1 + V sinω) −N2 cosσ sin (ω + σ))ωz −H(Nx sinσ +N cosσσx) = 0; (3.5)

HN sinσ ωx +N2 sinσ cos (ω + σ)ωy +N2 sinσ sin (ω + σ)ωz

+ ρD̃V +HN sinσ σx −HNx cosσ + t−1V ρ = 0. (3.6)

Having made similar combinations of the remaining two projections of the induction equation, we have the following
equations:

Nωt + (NU −HV cosσ)ωx +N(V sinσ sin (ω + σ) + yt−1)ωy

−N(V sinσ cos (ω + σ) − zt−1)ωz +ND̃σ +HVx sinσ = 0; (3.7)

HV sinσ ωx +NV cosσ sin (ω + σ)ωy

−NV cosσ cos (ω + σ)ωz − D̃N +HVx cosσ −N(Ux + t−1) = 0. (3.8)
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Finally, the last equation in (1.1) implies that

N(sin (ω + σ)ωy − cos (ω + σ)ωz) −Hx = 0. (3.9)

The overdetermined system (3.3), (3.5)–(3.9) contains six equations for one function ω. We shall search for solutions
of this system in which ω is determined with functional arbitrariness. For this, in the equations considered, all rank
minors of the matrix composed of the coefficients of the derivatives of the function ω are set equal to zero. As in the
cases of the Ovsyannikov plane and spherical vortices [12, 13], this condition is satisfied and leads to a nontrivial
solution only for σ = 0 or σ = π. We assume that σ = 0 and N can have an arbitrary sign. In this case, the system
of equations of the submodel reduces to the following. The invariant part of the system consists of Eqs. (3.2) and
(3.4). For σ = 0, Eq. (3.6) reduces to the equation

ρD̃V −HNx + t−1V ρ = 0.

In view of (3.3), from Eq. (3.8) we have

D̃N +NUx −HVx +N(hV + t−1) = 0.

Finally, in view of (3.3), Eq. (3.9) is written as

Hx + hN = 0.

The noninvariant function ω is determined from Eqs. (3.3), (3.5), and (3.7). Eliminating the derivative ωt,
we obtain the classifying relation

(ρV 2 −N2)(Hωx +N(cosω ωy + sinω ωz)) = 0.

Below, only the case of zero second multiplier in this relation (the condition of conservation of ω along the magnetic
lines) is considered. Let us derive the compatibility conditions for the equations for ω. Using the standard procedure,
we obtain the following equations for the invariant functions:

ND̃h−HV hx + t−1hN = 0, Hhx + h2N = 0.

As in the Ovsyannikov plane vortex, for h �= 0 we have the integral

H = t−1H0h

with an arbitrary constant H0. Finally, the system of equations for the invariant functions is written as

D̃ρ+ ρ(Ux + 2t−1 + hV ) = 0,

D̃U + ρ−1px + ρ−1NNx = 0,

D̃V − ρ−1t−1H0hNx + t−1V = 0,

D̃p+A(p, ρ)(Ux + 2t−1 + hV ) = 0,
(3.10)

D̃N − t−1H0hVx +N(Ux + t−1 + hV ) = 0,

D̃h+ V h2 + t−1h = 0, t−1H0hx + hN = 0.

The compatibility condition for the last two equations for the function h is the equation for N of the same system.
Thus, system (3.10) is in involution.

Let us consider the system for the noninvariant function ω. As in the case of the Ovsyannikov plane and
spherical vortices, the function ω is conserved along the particle trajectories and along the magnetic lines. For
h �= 0, the general solution of the subsystem for the noninvariant function has the form

F
(y
t
− cosω

th
,
z

t
− sinω

t h

)
= 0 (3.11)

(F is an arbitrary smooth function). Thus, the solution reduces to investigation of the system of equations in invo-
lution (3.10) and the final relation (3.11), which can be performed similarly to the investigation of the Ovsyannikov
plane vortex [14].
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3.2. Submodel {X3 +X5, X2 −X6, X7}. The solution is represented as

u = U(t, x), v =
ty + z

t2 + 1
+ V (t, x) cosω(t, x, y, z), w =

tz − y

t2 + 1
+ V (t, x) sinω(t, x, y, z),

H = H(t, x), K = N cos (ω(t, x, y, z) + σ(t, x)), L = N sin (ω(t, x, y, z) + σ(t, x)), (3.12)

p = p(t, x), ρ = ρ(t, x).

We substitute representation (3.12) into system (1.1). As above, by virtue of the continuity equation, the function
h(t, x) is defined as

D̃ρ+ ρ
(
Ux +

2t
t2 + 1

+ hV
)

= 0, D̃ = ∂t + U ∂x. (3.13)

For the function ω, we have

sinω ωy − cosω ωz + h = 0. (3.14)

The equations for the invariant functions are written as

D̃U + ρ−1px + ρ−1NNx = 0,

D̃H +H(2t(t2 + 1)−1 + hV ) = 0, (3.15)

D̃p+A(p, ρ)(Ux + 2t(t2 + 1)−1 + hV ) = 0.

From the remaining equations of system (1.1), we obtain an overdetermined system for the function ω. The
momentum equation leads to

ρV ωt + (ρUV −HN cosσ)ωx

+ (ρV ((ty + z)(t2 + 1)−1 + V cosω) −N2 cosσ cos (ω + σ))ωy

+ (ρV ((tz − y)(t2 + 1)−1 + V sinω) −N2 cosσ sin (ω + σ))ωz

−H(Nx sinσ +N cosσσx) − ρV (t2 + 1)−1 = 0; (3.16)

HN sinσ ωx +N2 sinσ cos (ω + σ)ωy +N2 sinσ sin (ω + σ)ωz

+ ρD̃V +HN sinσ σx −HNx cosσ + t(t2 + 1)−1V ρ = 0. (3.17)

The induction equations imply the following relations:

Nωt + (NU −HV cosσ)ωx +N((ty + z)(t2 + 1)−1 + V sinσ sin (ω + σ))ωy

−N(−(tz − y)(t2 + 1)−1 + V sinσ cos (ω + σ))ωz +N(D̃σ + (t2 + 1)−1) +HVx sinσ = 0; (3.18)

HV sinσ ωx +NV cosσ sin (ω + σ)ωy

−NV cosσ cos (ω + σ)ωz − D̃N +HVx cosσ −N(Ux + t(t2 + 1)−1) = 0. (3.19)

The last equation of system (1.1) reduces to the form

N(sin (ω + σ)ωy − cos (ω + σ)ωz) −Hx = 0. (3.20)

As above, the function ω is determined with functional arbitrariness only for sinσ = 0. In this case, the equations
reduce to the following. The invariant part of the submodel consists of Eqs. (3.13) and (3.15). For sinσ = 0, from
Eq. (3.17), we obtain

D̃V − ρ−1HNx + t(t2 + 1)−1V = 0.
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From Eq. (3.19), we have

D̃N −HVx +N(Ux + hV + t(t2 + 1)2) = 0.

Finally, from (3.20) we obtain

Hx + hN = 0.

The equations for the noninvariant function ω are derived from (3.14), (3.16), and (3.18). For sinσ = 0, the last
two equations have the form

ρV ωt + (ρUV −HN)ωx + (ρV ((ty + z)(t2 + 1)−1 + V cosω) −N2 cosω)ωy

+ (ρV ((tz − y)(t2 + 1)−1 + V sinω) −N2 sinω)ωz − (t2 + 1)−1ρV = 0; (3.21)

Nωt + (NU −HV )ωx +N(ty + z)(t2 + 1)−1ωy +N(tz − y)(t2 + 1)−1ωz + (t2 + 1)−1N = 0. (3.22)

The compatibility condition for Eqs. (3.14) and (3.22) for the function ω are written in terms of only invariant
functions:

ND̃h−HV hx + t(t2 + 1)−1hN = 0.

From the compatibility condition for Eqs. (3.14) and (3.21), we obtain one more equation for the function ω:

((ρV 2 −N2)h sinω + ρV (t2 + 1)−1(t sinω − 2 cosω))ωy

− ((ρV 2 −N2)h cosω + ρV (t2 + 1)−1(t cosω + 2 cosω))ωz

− ρV D̃h−HNhx = 0. (3.23)

The last equation contains derivatives of ω only with respect to y and z. For V �= 0, Eqs. (3.14) and (3.23) can be
solved for these derivatives. Cross-differentiation of these equations leads to the condition of their compatibility in
the form

((ρV D̃h−HNhx) sinω + (ρV 2 −N2)h2 sinω + ρV h(t2 + 1)−1(t sinω − 2 cosω))2

+ ((ρV D̃h−HNhx) cosω + (ρV 2 −N2)h2 cosω + ρV h(t2 + 1)−1(t cosω + 2 cosω))2 = 0. (3.24)

Equation (3.24) holds only for h = 0. Thus, from equations (3.14) and (3.23), it follows that ωy = ωz = 0, which
implies that the examined partially invariant solution considered reduces to the invariant solution for the group
{X3 + X5, X2 − X6}. A similar reduction is proved in [28] for the equations of gas dynamics in the absence of a
magnetic field. Since the set of invariant solutions of the equations of magnetohydrodynamics (1.1) has generally
been studied [18, 29], this solution is not investigated further.

3.3. Submodel {X3, X5, X2 +X6}. The solution is represented as

u = U(t, x), w = y − tv +W (t, x), B = B(t, x), p = p(t, x), ρ = ρ(t, x). (3.25)

Here the function v = v(t, z, y, z) is noninvariant. The last equation in (1.1) implies that H = H(t). Representation
(3.25) is substituted into the continuity equation and split into invariant and noninvariant parts. For convenience,
we introduce a new invariant function h(t, x):

D̃ρ+ ρ(Ux + h) = 0, D̃ = ∂t + U ∂x.

For the noninvariant function v, we obtain the equation

vy − tvz = h. (3.26)

One more relation for the function v is found from the momentum equation in the projection onto the Oy axis:

D̃v + vvy + (y +W − tv)vz − ρ−1HKx = 0. (3.27)

The compatibility condition for Eqs. (3.26) and (3.27) is given by the following relation for v, which is linearly
independent with these equations:

hvy + (2 − th)vz + D̃h = 0. (3.28)
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This equation supplements the system of equations for the noninvariant function v. From Eqs. (3.26) and (3.28),
it follows that the function v depends linearly on y and z, i.e., the solution defines the motion of a continuous
medium with homogeneous deformation in the Oy and Oz directions (the strain rate tensor does not depend on
the coordinates y and z).

The obtained class of solutions is described as follows:

u = U(t, x), v̄ = M(t, x)ȳ + b̄(t, x), B = B(t, x), p = p(t, x), ρ = ρ(t, x). (3.29)

Here v̄ = (v, w)t, ȳ = (y, z)t, b̄ = (b2, b3)t, and B̄ = (K,L)t are truncated vectors, and M is a square matrix of
size 2 × 2. Substitution of the solution representation (3.29) into system (1.1) yields the following equations. The
continuity equation and the pressure equation lead to

D̃ρ+ ρ(Ux + trM) = 0, D̃p+A(p, ρ)(Ux + trM) = 0. (3.30)

Projecting the momentum equation and the induction equation [the first and fourth equations of system (1.1)] onto
the Ox axis, we have

D̃U +
1
ρ

∂

∂x

(
p+

1
2

B̄2
)

= 0, D̃H +H(Ux + trM) −HUx = 0. (3.31)

Projecting the momentum equation onto the Oy and Oz axes, we obtain

(D̃M +M2)ȳ +M b̄ + D̃b̄ − ρ−1HB̄x = 0. (3.32)

Similarly, projecting the induction equations onto the Oy and Oz axes, we have

D̃B̄ + (Ux + trM)B̄ −HMxȳ −H b̄x −MB̄ = 0. (3.33)

Finally, the last equation in (1.1) is simplified to the relation Hx = 0. Splitting of Eq. (3.32) with respect to ȳ leads
to the relations

D̃M +M2 = 0, D̃b̄ +M b̄ − ρ−1HB̄x = 0. (3.34)

The general solution of the first equation in (3.34) is written as

M = (E + tM0)−1M0, D̃M0 = 0, (3.35)

where E is a unit matrix. Thus,

trM = D̃ ln (j2t2 + j1t+ 1), j1 = trM0, j2 = detM0. (3.36)

In Eq. (3.33), setting the coefficient at ȳ equal to zero leads to the dilemma: H(t) ≡ 0 or M = M(t). Let
us consider the first variant. In this case, integration of the second equation in (3.34) yields

b̄ = (E + tM0)−1b̄0, D̃b̄0 = 0.

Using (3.30), from Eq. (3.33) we obtain B̄:

B̄ = (ρ/ρ0)(E + tM0)−1B̄0, D̃B̄0 = 0, D̃ρ0 = 0.

Thus, in the case considered (H = 0), we obtain reduced equations of magnetohydrodynamics (1.1) of the form
(3.29):

D̃ρ+ ρ(Ux + trM) = 0, D̃p+A(p, ρ)(Ux + trM) = 0,

D̃U + ρ−1(p+ B̄2/2)x = 0, D̃ψ = 0, (3.37)

M = (E + tM0)−1M0, B̄ = ρ(E + tM0)−1B̄0/ρ0.

Here M0, B̄0, and ρ0 are a matrix, vector, and scalar, respectively, which depend arbitrarily on ψ.
Let us consider the second variant [M = M(t)]. In this case, in representation (3.35) M0 is an arbitrary

constant matrix. Using expressions (3.36), we integrate the second equation in (3.31):

H = H0/(j2t2 + j1t+ 1).
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In the case considered, the equations of the submodel become

D̃ρ+ ρ(Ux + trM) = 0, D̃p+A(p, ρ)(Ux + trM) = 0,

D̃U + ρ−1(p+ B̄2/2)x = 0, D̃B̄ + (Ux + trM)B̄ −H b̄x −MB̄ = 0, (3.38)

D̃b̄ +M b̄ − ρ−1HB̄x = 0.

The solution with homogeneous deformation in y and z of the form (3.29) is described by system (3.37), (3.38) for
the cases H = 0 and H �= 0, respectively. We note that, in both cases, the solution contains a singularity at the
time t = −1/λ (λ is the eigenvalue of the matrix M0).

Conclusions. The above analysis completes the investigation of the compatibility conditions of partially
invariant submodels of defect 1 of the equations of ideal magnetohydrodynamics. The further analysis of these
systems of equations can involve calculations of the symmetry group admitted by the constructed submodels and
finding classes of their exact solutions. In this case, most of the admitted group is inherited from the initial
model, but extensions of the initial group compared to the inherited one are possible. In the present work, regular
partially invariant submodels of defects 2 and 3 and the class of barochronic solutions for the equations of ideal
magnetohydrodynamics were not investigated.

This work was supported by the Russian Foundation for Basic Research (Grant No. 08-01-00047) and Pro-
gram s of the President of the Russian Federation for Support of Leading Scientific Schools (Grant Nos. NSh-
2826.2008.1 and MK-1521.2007.1).

REFERENCES

1. L. V. Ovsyannikov, “Partially invariant solutions of the equations admitting a group,” in: Proc. of the 11th Int.
Congr. Appl. Mech. (Munich, 1964), Springer, Berlin (1966), pp. 868–870.

2. L. V. Ovsyannikov, “Partial invariance,” Dokl. Akad. Nauk SSSR, 186, No. 1, 22–25 (1969).
3. L. V. Ovsyannikov, “Type (2,1) regular submodels of the equations of gas dynamics,” J. Appl. Mech. Tech.

Phys., 37, No. 2, 149–158 (1996).
4. L. V. Ovsyannikov and A. P. Chupakhin,“Regular partially invariant submodels of the equations of gas dynam-

ics,” Prikl. Mat. Mekh., 60, No. 6, 990–999 (1996).
5. A. P. Chupakhin, “Regular submodels of type (1,2) and (1,1) of the equations of gas dynamics,” J. Appl. Mech.

Tech. Phys., 40, No. 2, 223–231 (1999).
6. S. V. Khabirov, “Irregular partially invariant solutions of rank 2 of defect 1 of the equations of gas dynamics,”

Sib. Mat. Zh., 43, No. 5, 1151–1164 (2002).
7. L. V. Ovsyannikov, “Some results of performing the SUBMODELS program for the equations of gas dynamics,”

Prikl. Mat. Mekh., 63, No. 3, 362–372 (1999).
8. V. K. Andreev, O. V. Kaptsov, V. V. Pukhnachev, and A. A. Rodionov, Applications of Group-Theoretical

Methods in Hydrodynamics, Kluwer Acad., Dordrecht (1998).
9. S. V. Meleshko, Methods for Constructing Exact Solutions of Partial Differential Equations. Mathematical and

Analytical Techniques with Applications to Engineering, Springer, New York (2005).
10. S. V. Meleshko and V. V. Pukhnachev, “One class of partially invariant solutions of the Navier–Stokes equa-

tions,” J. Appl. Mech. Tech. Phys., 40, No. 2, 208–216 (1999).
11. V. V. Bublik, “Regular, partially invariant solutions of rank 1 and defect 1 of the equations of plane motions

of a viscous heat-conducting gas,” J. Appl. Mech. Tech. Phys., 47, No. 6, 790–799 (2006).
12. S. V. Golovin, “Singular vortex in magnetohydrodynamics,” J. Phys., A: Math. Gen., 38, 4501–4516 (2005).
13. S. V. Golovin, “Ovsyannikov plane vortex: The equations of the submodel,” J. Appl. Mech. Tech. Phys., 49,

No. 5, 725–736 (2008).
14. S. V. Golovin, “Ovsyannikov plane vortex: Motion properties and exact solutions,” J. Appl. Mech. Tech. Phys.,

49, No. 6, 934–945 (2008).
15. B. D. Annin, V. O. Bytev, and S. I. Senashev, Group Properties of the Elastic and Plastic Equations [in Russian],

Nauka, Novosibirsk (1995).
16. B. D. Annin, “New exact solutions of the Tresca spatial equations of plasticity,” Dokl. Ross. Akad. Nauk, 415,

No. 4, 482–485 (2007).

179



17. N. Kh. Ibragimov, Groups of Transformations in Mathematical Physics [in Russian], Nauka, Moscow (1983).
18. N. H. Ibragimov (ed.), CRC Handbook of Lie Group Analysis of Differential Equations, Vol. 2: Applications in

Engineering and Physical Sciences, CRC Press, Boca Raton (1995).
19. L. Martina, G. Soliani, and P. Winternitz, “Partially invariant solutions of a class of nonlinear Schrödinger

equations,” J. Phys., A: Math. Gen., 25, No. 16, 4425–4435 (1992).
20. L. V. Ovsiannikov, Group Analysis of Differential Equations, Academic Press, New York (1982).
21. L. V. Ovsyannikov, “Regular and irregular partially invariant solutions,” Dokl. Ross. Akad. Nauk, 343, No. 2,

156–159 (1995).
22. J. Ondich, “The reducibility of partially invariant solutions of systems of partial differential equations,” Eur.

J. Appl. Math., 6, No. 4, 329–354 (1995).
23. S. V. Golovin, “On the hierarchy of partially invariant submodels of differential equations,” J. Phys., A: Math.

Theor., 41, 265501 (2008).
24. A. P. Chupakhin, “Barochronic motions of gas,” Dokl. Ross. Akad. Nauk, 352, No. 5, 624–626 (1997).
25. A. G. Kulikovskii, “Motion with homogeneous deformation in magnetohydrodynamics,” Dokl. Ross. Akad.

Nauk, 120, No. 5, 984–986 (1958).
26. A. G. Kulikovskii and G. A. Lyubimov, Magnetohydrodynamics, Addison-Wesley, Reading (1965).
27. J. C. Fuchs, “Symmetry groups and similarity solutions of MHD equations,” J. Math. Phys., 32, 1703–1708

(1991).
28. S. V. Golovin, “An invariant solution of gas-dynamic equations,” J. Appl. Mech. Tech. Phys., 38, No. 1, 1–7

(1997).
29. P. Y. Picard, “Some exact solutions of the ideal MHD equations through symmetry reduction method,” J. Math.

Anal. Appl., 337, 360–385 (2008).

180



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 225
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


